Abstract. In this paper we deal with the quadratic functional equation
Introduction
Let n and k be positive integers such that 2 ≤ k ≤ n − 1 (throughout the paper n and k will always have this meaning). T. Popoviciu [12, Théorème 3] proved that if I is a nonempty interval and f : I → R is a convex function, then for all x 1 , . . . , x n ∈ I it holds that
Starting from (1.1), in [17] we considered the corresponding functional equation
We proved that a function f between two real linear spaces X and Y satisfies (1.2) for all x 1 , . . . , x n ∈ X if and only if there exists an additive mapping A : X → Y such that f (x) = A(x) + f (0) for all x ∈ X. Likewise, we investigated the Hyers-Ulam-Rassias stability of the equation (1.2).
In the special case n = 3, k = 2 the equation (1.2) reduces to
The stability of the functional equation (1.3) has been investigated in [15, 16] . In connection with (1.3), Y. W. Lee [11] had the clever idea to consider the equation
He proved that a function f between two real linear spaces X and Y satisfies (1.4) for all x, y, z ∈ X if and only if there exist an additive mapping A : X → Y as well as a quadratic mapping Q : X → Y , i.e. a mapping satisfying
Besides, he investigated the stability of the functional equation (1.4) .
It is the main purpose of the present paper to generalize the above mentioned results of Y. W. Lee for the n variables version of (1.4):
In Section 2 of this paper we solve the functional equation (1.5), by proving that its solutions are of the same form as those of (1.4). In Section 3, using ideas from the papers of Th. M. Rassias [13] and Z. Gajda [5] , we establish the Hyers-Ulam-Rassias stability of Eq. (1.5). 
We claim that A is additive and Q is quadratic.
Indeed, since f satisfies (1.5) for all x 1 , . . . , x n ∈ X, it is immediately seen that
Putting x 1 = x and x 2 = · · · = x n = 0 in (2.1) yields (2.3)
Letting x 1 = x, x 2 = y, and x 3 = · · · = x n = 0 in (2.1), we get
for all x, y ∈ X. From (2.3) and (2.4) it follows that
) and taking into account that A is odd, we find that
for all x, y ∈ X. From (2.5) and (2.6) we deduce that
we conclude that
Consequently, A is additive as claimed. In order to prove that Q is quadratic, we set x 1 = x, x 2 = −x, and x 3 = · · · = x n = 0 in (2.2). Taking into account that Q is even and Q(0) = 0, we obtain
Letting x 1 = x and x 2 = · · · = x n = 0 in (2.2) and taking account of (2.7) we find that
From (2.2), (2.7), and (2.8) it follows that
for all x, y ∈ X.
Consequently, Q is quadratic as claimed. Let x 1 , . . . , x n be any points in X. We have
Therefore, f satisfies (1.5) for all x 1 , . . . , x n ∈ X.
Hyers-Ulam-Rassias stability of equation (1.4)
Throughout this section X and Y will be a real normed linear space and a real Banach space, respectively. Given a function f : X → Y , we set
for all x 1 , . . . , x n ∈ X, then there exist a unique quadratic mapping Q : X → Y and a unique additive mapping A : X → Y such that
for all x ∈ X, where
In addition, we have
. Then f 1 is even, f 1 (0) = 0, and since
Replacing x in (3.5) by k j−1 x and then dividing both sides of (3.5) by k 2j−2 yields (3.6)
for each positive integer j and all x ∈ X. By virtue of (3.6) we have
for all nonnegative integers and m with < m and all x ∈ X. In the special case = 0 we find that
for each positive integer m and all x ∈ X. Since
from (3.7) we conclude that k −2j f 1 (k j x) j∈N is a Cauchy sequence for all x ∈ X. Therefore, we can define the mapping Q :
. . , x n be any points in X. By virtue of (3.4) we have
Hence DQ(x 1 , . . . , x n ) = 0 for all x 1 , . . . , x n ∈ X. Since Q is even and Q(0) = 0, Theorem 2.1 ensures that Q is quadratic. Moreover, by passing to the limit in (3.8) when m → ∞, it follows that (3.2) holds true for all x ∈ X. Now, letQ : X → Y be another quadratic mapping satisfying
for all x ∈ X. Then we have
we can conclude that Q(x) =Q(x) for all x ∈ X. This proves the uniqueness of Q.
Then f 2 is odd, f 2 (0) = 0, and since
Letting x 1 = 2x and x 2 = · · · = x n = 0 in (3.9) yields
Putting x 1 = x 2 = x and x 3 = · · · = x n = 0 in (3.9) we get
for each positive integer m and all x ∈ X. Since j x) , is the unique additive mapping satisfying (3.19) for all x ∈ X. We omit the details.
